Ultrasound tomography attempts to retrieve the structure of an object by exploiting the interaction of acoustic waves with the object. A fundamental limit of ultrasound tomography is that features cannot be resolved if they are spaced less than λ/2 apart, where λ is wavelength of the probing wave, regardless of the degree of accuracy of the measurements. Therefore, since the attenuation of the probing wave with propagation distance increases as λ decreases, resolution has to be traded against imaging depth. Recently, it has been shown that the λ/2 limit is a consequence of the Born approximation (implicit in the imaging algorithms currently employed) which neglects the distortion of the probing wavefield as it travels through the medium to be imaged. On the other hand, such a distortion, which is due to the multiple scattering phenomenon, can encode unlimited resolution in the radiating component of the scattered field. Previously, a resolution better than λ/3 has been reported in these proceedings [F. Simonetti, pp. 126 (2006)] in the case of elastic wave probing. In this paper, we demonstrate experimentally a resolution better than λ/4 for objects immersed in a water bath probed by means of a ring array which excites and detects pressure waves in a full view configuration.
INTRODUCTION
Physical models that govern the interaction between waves, either mechanical or electromagnetic, and matter provide a formidable tool to infer the physical properties of an object. In this context and for a long time, the Born approximation has represented the fundamental building block for a number of imaging techniques employed in medical diagnostics, radar surveillance, geophysical exploration, and non-destructive testing.
The Born approximation leads to a simplified scattering model that neglects the distortion of the probing wave induced by the structure of the object as the wave travels through it. As a result, the scattered field can be thought of as a superposition of a continuous distribution of elementary scattering events that take place at different points within the object and are independent of each other, implying that multiple scattering, which would interlink different events, is neglected. From a mathematical standpoint, this leads to a linear integral mapping which links the object structure to the scattered field and vice versa.
Although the Born approximation provides a simple and direct method to reconstruct the structure of an object from the measurement of the scattered field, the classical resolution limit excludes the possibility of resolving features of the object which are spaced less than λ/2 apart, 1 where λ is wavelength of the probing wave. Moreover, the range of validity of the Born approximation can be very limited depending on object contrast, i. e. how rapid the spatial variations of the object properties are, and on the size of the object relative to λ. In general, it is assumed that as long as the contrast is low, the Born approximation is applicable. However, as observed by several authors (see, for instance, Natterer 2 and references therein) even very low contrast can lead to significant multiple scattering if the object is larger than λ.
The important role of multiple scattering in far-field subwavelength imaging is related to the principles used in Near field Scanning Optical Microscopy (NSOM). NSOM, which is based on the Born approximation, leads to subwavelength resolution because it extracts the subwavelength information encoded in the evanescent field by means of a sensor placed in the near field of the object (for a review of the topic see the book by Courjon 3 ). As observed by Courjon 4 the only way a sensor can probe an evanescent field, which by definition does not radiate energy, is to perturb it and make it radiate by tunneling. This perturbation mechanism represents a form of multiple scattering between the object being probed and the sensor and is the same physical means which makes far-field subwavelength resolution possible, as originally observed by Chen and Chew. 5 Note that in this paper the near and far-fields are termed according to the NSOM convention which defines the near field as that region of space surrounding the object in which the evanescent field can be detected and the far-field as the space which extends outwards from the near field.
The major implication of the λ/2 resolution limit is that short wavelengths need to be propagated in order to achieve high resolution; however, short wavelengths are usually characterized by a large attenuation with propagation distance due to material absorption and scattering. Therefore, imaging resolution has to be traded against penetration depth in highly attenuative media.
In a recent paper under the general framework of the T-matrix formalism, 6 it has been shown that, thanks to the presence of multiple scattering, the radiating component of the scattered field does indeed contain unlimited resolution information about the structure of the scattering object. The existence of the classical λ/2 resolution limit can be explained by observing that the scattered field consists of a radiating component which propagates away from the object and an evanescent part which does not radiate energy and decays within one wavelength distance from the object's surface. Under the Born approximation, the two fields carry different structural information. In particular, the evanescent field encodes the information about the subwavelength structure of the object while the radiating field contains super-wavelength information. Since conventional imaging techniques operate with sensors placed several wavelengths away from the object, the evanescent field cannot be detected and the subwavelength structure is lost, leading to the classical resolution limit. On the other hand, if the Born approximation is abandoned and multiple scattering is taken into account, it can be shown that the radiating component of the scattering field will contain information about both the super and subwavelength structure of the object. While the link between the measurements and object structure is linear under the Born approximation, the mapping becomes nonlinear in the case of multiple scattering .
The major challenge in subwavelength imaging from far-field measurements is the inversion of the nonlinear mapping which relates the measurements to the object structure. This is known as the inverse scattering problem and although the solution exists and is unique (at least when the object can be illuminated from all the directions contained in the solid angle 4π), the problem is ill-posed in the sense of Hadamard 7 due to the instability of the solution which does not vary continuously with the input (measurements). Therefore, small measurement errors can be amplified in the reconstructed image leading to significant artifacts or even causing the non-existence of the solution.
Understanding and controlling the ill-posedness of the inverse scattering problem is a fundamental step towards the development of a robust imaging technology. In this context, regularization techniques based on the intuition of Tikhonov 8 in which an ill-posed problem is replaced with a well posed one that continuously depends on the measurement error (see, for instance, the monograph by Potthast 9 ), play a crucial role. Moreover, the design of the hardware used to collect the measurements can be tailored to improve the stability of the inversion. For instance, sensor array systems, which have undergone a tremendous development over the past years thanks to progress in solid state physics and telecommunications, can limit the ill-posedness by increasing the number of independent measurements and by reducing the noise characteristics of individual sensors which ultimately trigger the instability. Clearly, the validity of these arguments has to be supported by experimental evidence to test the stability of the inversion against realistic measurement errors. The experimental work on subwavelength imaging by Chen and Chew 5 using electromagnetic waves in the microwave regime and that by Simonetti using elastic waves in plates 6 and three dimensional solids 10 provide strong evidence about the feasibility of such an approach.
For completeness, it has to be mentioned that the solution to the inverse scattering problem is unique whether or not multiple scattering is included in the forward problem. This implies that also under the Born approximation one could achieve unlimited resolution. In fact, even though the far-field measurements do not map onto the spatial frequencies of the object shorter than λ/2, 1 they can be obtained by means of analytic continuation. In other words, the higher spatial frequencies can be extracted from all the spatial frequencies larger than λ/2 (see for instance 11 and references therein). However, it is well known that this technique is extremely unstable and fails to achieve subwavelength resolution in practice. 11 In addition, there is a number of techniques which operate in the geometric space and that try to find the best match between the scattered field predicted under the Born approximation and the measurements. Although the inverse scattering problem is linear, they are non-linear as they attempt to minimize a non-linear functional, typically the root mean square of the residual between the predictions and the measurements. Again since the the solution to the inverse problem is unique they should lead to subwavelength imaging. However, as in the case of analytic continuation, the problem is highly ill-posed due to the absence of a direct link between measurements and the high spatial frequencies and they fail to achieve subwavelength resolution with real noisy measurements.
The aim of this paper is to show that by taking into account multiple scattering a stable inversion of the scattering problem can be achieved in the presence of large experimental errors and that subwavelength resolution is possible in practice. Based on the ideas introduced in Ref.
6 new experimental evidence is provided by means of a prototype ring array consisting of 256 sensors which excite and detect pressure waves in a water bath. The system provides a full view configuration enabling insonification of an object from regular intervals around it. The analysis is performed by using the Factorization Method (FM) which is an imaging algorithm developed by Kirsch in 1998 12 and which accounts for multiple scattering. For comparison Kirchhoff migration, which is instead based on the Born approximation, is also considered. Section 2 describes the experimental setup used to acquire the signals later employed in Sec. 3 to reconstruct the shape of three different objects.
EXPERIMENTS
The experiments were performed with an ultrasonic ring array developed at the Karmanos Cancer Institute, Wayne State University, for breast imaging. The array consists of 256 transducer elements mounted on a circular ring with an internal diameter of 200mm. The ring is immersed in water which provides the background medium. The center frequency of the elements is 1.3MHz with ∼100% bandwidth. The interelement spacing is 2.5mm and the active area of each element is 0.5×12 mm 2 ,the long side of the element being perpendicular to the ring plane. The system excites all 256 channels sequentially and for each transmission all the transducers record the total pressure field. Therefore, all the possible transmit and receive combinations that can be acquired with different transducer pairs of the array are measured. This leads to 65536 time traces for a total of around 100 MBytes of integer data depending on the duration of each recoding. The total acquisition time required to collect the 65536 time traces is in the order of 0.3 seconds.
The measurements are stored in the so called multistatic matrix, K, whose i -j entry is the scattered field recorded by the element i when element j transmits. Since the signal recorded by each transducer is proportional to the total field, i. e. incident plus scattered fields, the scattering amplitude is obtained by subtracting the incident field from the total field, the incident field being measured before immersing the object in the water bath. As pointed out by Lin et al. 13 the subtraction approach relies on the temperature of water being constant during the two sets of measurements, temperature variations as little as 1K can lead to large phase shifts which cause large errors when the incident field is subtracted from the total field. Although it is possible to compensate for these variations by monitoring the temperature, the very short acquisition time allows the two sets of measurements to be performed in a rapid succession to exclude the possibility of temperature changes.
After measuring the scattered field, the i -j entry of the multitsatic matrix at a prescribed frequency, ω, was obtained by performing the Fourier transform of the i -j time trace and selecting the complex value of the spectrum at the frequency ω.
RESULTS
Three different sets of two-dimensional experiments were performed to assess the capabilities of the Factorization Method (FM) under realistic noise. First, a circular rod of 30λ diameter was tested to demonstrate that the FM can actually be used to image extended targets with pressure waves. Subsequently, a second set of experiments was performed with two nylon wires to further investigate the super resolving capabilities of the FM. Finally, by means of a two cylinder experiment it was shown that while reconstruction methods based on the Born approximation suffer from artifacts due to multiple scattering, the FM leads to images with much fewer artifacts. 
Single rod experiment
A 34mm diameter solid plastic rod was positioned in the proximity of the array center with its axis perpendicular to the array plane so as to simulate a two-dimensional problem.
Figure 1(a) shows some of the pulse-echo signals (transmit and receive with the same element) recoded by the array and used to build the multistatic matrix K. Different arrival times are due to the eccentricity of the rod with respect to center of the ring. Nevertheless, the amplitude of the reflections should be the same for all the sensors. The variations are due to the different responses of the elements, which in some extreme cases are not functioning (see, for instance, element number one). It is not possible to provide a single figure to estimate the signal-to-noise ratio (SNR) because the signals vary with transmit-receive pair. However, one possibility is to define an upper bound by considering the pulse echo signals, which for a circular scatterer correspond to the strongest signals. The SNR can then be defined as the ratio of the average amplitude of the reflection divided by the rms of the random noise, which for the case considered in Fig. 1(a) leads to an upper bound of 20dB. Figure 1 (b) provides a monochromatic image of the contour of the rod at 1.3MHz (λ=1.16mm) obtained by applying the FM)to the measured K-matrix. Due to the presence of noise, some subwavelength ripples with a peak-to-peak amplitude of λ/3 can be observed along the bottom right side of the cylinder. The ripples cause an uncertainty in the radius estimate of around λ/6. For a comparison, Fig. 1(c) shows a reconstruction of the rod obtained with the Kirchhoff Migration (KM) also known as summation migration.
14 Kirchhoff Migration is usually performed in the time domain, whereas here a monochromatic image is shown. However, while for limited view experiments (i. e. when the sensors do not surround the object) frequency diversity improves the range resolution, 15 in the full view scenario considered in this paper, it does not enhance the resolution which is determined by the highest harmonic only.
1
KM is equivalent to synthetic phased arrays (also known as sum-and-delay beamforming) whereby an acoustic beam is focused and steered over the imaging plane. 16 The method is based on the Born approximation and does not take into account the distortion of the probing wave as it travels through the medium to be imaged. Clearly, the FM outperforms the monochromatic KM method and provide much higher resolution and lower side lobes.
Two wire experiment
In order to assess the super resolving capabilities of the FM, an experiment employing two 0.25mm diameter nylon wires was performed. The separation distance between the wires was controlled by spacing them 2mm apart at one end and joining together the other end to form a very narrow V as shown in Fig. 2 . The distance between the free ends of the wires and the junction point was 300mm. By scanning the array vertically it was possible to illuminate different sections of the wires to achieve the desired spacing. Thanks to the relatively small angle between the wires (∼0.4 deg), they can be considered parallel within the slice illuminated by the array. However, care must be taken in orienting the plane containing the two wires perpendicularly to the array plane. Failure to do so would result in the obliquity of the wires with respect to the array and the problem can no longer be considered two-dimensional.
Due to the small diameter of the wires the reflected signal was very weak as can be seen from Fig. 3(a) which shows some of the measured pulse-echo time traces. The arrival times of the reflections fall in the range of 120-140µs. The reflections are buried in the background noise and the SNR is lower than 0dB. 17 was used. The FM was able to resolve the two wires despite of their λ/4 spacing. Moreover, the FM leads to a well defined shape of the scatterers revealing features which are even smaller than λ/4. Note that the diameter of the wires is λ/6. This is a remarkable result given the low SNR of the measurements [See Fig. 3(a) ] and the large distance between the wires and the sensors ∼70λ. On the other hand, KM is not able to resolve the two wires as shown in Fig. 3(c) . The lack of resolution is not due to noise but to the intrinsic limitations of the Born approximation which leads to the λ/2 resolution limit.
Two rod experiment
This experiment employed two hollow glass rods, 17mm in diameter with an interaxial separation of 34mm. The presence of strong multiple scattering between the cylinders can be deduced from Fig. 4(a) which shows some of the pulse-echo time traces. In general, each trace contains three or more wave-packets, the first two correspond to the direct reflections from the rods while the signals arriving later are due to multiple scattering between the rods. Moreover, the time traces around the 150th element contain a single wavepacket because one of the rods is placed in the acoustic shadow of the the other.
The image of the rods obtained with the FM at 850kHz is shown in Fig. 4(b) . Figure 4 (c) provides the image obtained with the KM method. In contrast with the FM image, the KM image contains large side-lobes in the form of concentric rings which interfere with the edges of the rods. In particular, the image of the rod on the left side of Fig. 4(c) is not an exact circular shape. Moreover, there are portions of the rod contours which are not reconstructed (see arrows in Fig.4(c) ). These artifacts are due to the acoustic shadow which is caused by multiple scattering. Under the Born approximation, the field scattered by the two rods is the same as the superposition of the fields scattered by each rod separately. The KM method reconstructs the images by extracting the signals associated with the scattering from each rod and combining them. However, due to the shadowing effect, part of these signals are missing (see the pulse-echo signals around element 150, Fig. 4(a) , resulting in the missing portions of the rod boundaries observed in Fig. 4(c) .
CONCLUSIONS
The scattering model used to describe the interaction of a probing wave with the structure of an object, is the key factor determining the amount of structural information that can be retrieved from scattering measurements. Conventional imaging methods are based on the Born approximation which neglects the distortion of the probing wave as it travels through the object to be imaged. Although the approximation leads to a linear mapping between the measurements and the structure of the object, the resolution of the reconstruction is limited by the λ/2 constraint. Moreover, the reconstruction can suffer from severe artifacts when strong multiple scattering occurs.
In this paper it has been shown that by abandoning the Born approximation and considering a more accurate model which can account for multiple scattering effects, images with an unprecedented resolution better than λ/4 and free from the artifacts caused by the Born approximation, can be achieved. This has been shown by applying the Factorization Method (FM) to experimental data obtained with an ultrasound ring array. Both objects smaller and larger than the wavelength have been imaged. For the first time, it has been shown that the sampling methods can reconstruct the shape of extended scattering objects probed with ultrasonic waves.
It has been emphasized that due to the intrinsically ill-posed nature of the nonlinear inverse scattering problem, regularization techniques are needed to control the instability of the inverse problem which is triggered by measurement noise. In particular, it has been shown that the FM is extremely robust against noise, providing super resolution in spite of a signal-to-noise-ratio lower than 0dB.
